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Abstract

Stephen Hawking’s theory of black hole evaporation predicts the evo-
lution of an initially pure quantum state to a mixed state. This result
contradicts the fundamental assumption of unitary evolution in quantum
mechanics. Further, in light of the information theorstic interpretation of
entropy as a measure of missing or hidden information about a system,
Hawking evaporation may be viewed as an information-destroying process.
This paper reviews the black hole information paradox, and analyzes the
more popular ‘solutivns’ from the perspective afforded by quantum infor-
matior theory. The resolution of the information loss problem promises,
at the very least, to provide a unified treatment of thermodynamics and
black hole mechanics, and may very well yield revolutionary insights into
fundamental quastum processes.




1 Imntroduction

Black holes are some of the most enigmatic objects in the universe. They are
the stuff of science fiction, where brave explorers venture, never to return to
the universe that was once their home. They are also the source of one of the
most paradoxical predictions in modern physica, $he black hole information loss
problem. The mere fact that the word paradox appears in the description of
the problem implies that this is fertile ground for fundamentai discovery. This
word is used only when there is disagreement between well worn theory and
experiment (although in this case there is no paradox, nature is always right), or
between two or more accepted theories. In the current situation the discrepancy
is between quantum mechanics, which predicts the unitary evolution of an initial
pure state to a final state that is also pure, and Stephen Hawking’s theory of
blacs hole evaporation, which purports to evolve an initial pure state to a mixed
state.

The revealed inconsistency between these two theories provides us with an
excellent opportunity to further our understanding of natural processes. [t
seems cbviouy that any resolution of the paradox will, at the very least, resuli
in a unified treatment of thermodynamics and black hole mechanics. There is
also the possibility of gaining revolutionary insight into fundamental quantum
physics. Finally, since gravitational and quantum effects are undoubtedly both
important in the study of Planck-sized black holes, in the words of Ulf Danielsson
and Marcelo Schiffer[1], “It might even be that the information paradox is our
best clue to the elusive quantum gravity theory.”

The purpose of this paper is to provide an overview of the black hole infor-
mation paradox from the point of view afforded by quantum information theory.
We will proceed by first introducing the basic properties of black holes, stressing
the remarkable analogy between the known laws of thermodynarnics and those
of black hole mechanics. The essential ideas of quantum information theory
needed for an analysis of this problem will then be presented, and applied to
quantum mechanical black holes. Next, the popular ‘solutions’ to the paradox
will be evaluated using quantum information theoretical concepts. As we will
see, the there is no definitive resolution. However, the application of quantum
information theory does help to demonstrate the seemingly paradoxical nature
of the problem, and makes predictions about certain properties that any reso-
lution must satisfy. Finally, we suggest certain paths for further research which
loock especially promising.

2 Black Hole Fundamentals

The simplest definition of a black hole is & region of space-time from which
all signals, including those propagating at the speed of light, cannot escape.
They result from the gravitational collapse of massive bodies to extremely high
densities. Space-time in the surrounding region is warped intensely enough to
effectively ‘pinch’ off from the rest of the universe, becoming causally discon-




nected. This collapsing process continues, and results in the formation of a
singularity, a point at which the constituent matter is squeezed to zero volume
and infinite density. According to the cosmic censorship theorern, these exotic
objects do not appear by themselves, f.e., there are no “naked” singularities.
Instead, they are always found to be shrouded by an event hortzon.

The event horizon may be thought of ag the boundary of the black hole inside
which nothing can escape to the external universe. However, this boundary is
geometrical rather than physical in character since, for massive encugh black
holes, there is minimal curvature at the event horizon. An astronomer, upon
crossing the event horizon of an extremely massive black hole, would experience
nothing out of the ordinary since the space-time at that point would appear
locally flat[2].

The existence of black holes, although this term had not yet been introduced,
was first contemplated by John Michell and Pierre-Simon de Laplace in the late
18th century|3, 4]. They considered astronomical bodies with densities so great
that their escape velocities exceeded the speed of light. The critical radius (F,)
required for the formation of the black hole, known as the Schwarzschild rodius,
is found by these considerations to be:

2GM
R,=G.
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It foliows that any spherical body of mass M confined within the Schwarzschild
radius i8 a black hole.

¥ we consider the area of the event horizon of a Schwarzschild black hole,
we find that it is proportional to the square of the mass of the black hole, i.e.,
in ynits in which G =¢=1,

A=4aR? = 167 M2 {2)

Accordingly, if two Schwarzschild black holes were to merge, the area of the
resulting black hole would exceed the sum of the areas of the initial black holes.
This is a special case of the more general result, discovered by Stephen Hawking,
that the horizon area of an isolated black hole never decreases in any classical
transformation(3].

The most general black hole predicted by Einstein’s general relativity is
given by the Kerr-Newman solution discovered in 1965[3, 4]. Remarkably, this
solution depends on only three parameters: the mass M, the electric charge @),
and the angular momentum f, of the collapsing body. This observation is the
source of the famous statement, due to John Wheeler, that “a black hole has no
hair” in which to encode information about the matter that, comprises it[3]. For
example, all details of the shape of an initially non-spherical collapsing body
will be quickly dissipated in the form of gravitational radiation as a black hole is
created. While this information is not last, since it is contained in the outgoing
gravitational waves, other properties of black hole evolution do seem to destroy
information, or at least store it and manipulate it according to fundamentally
new physical laws.




3 The ‘Thermodynamics’ of Black Holes

A striking analogy between the properties of classicall black holes and the
laws of thermodynamics has been developed by Stephen Hawking and Jacob
Bekenstein[3]. This section serves to introduce these concepts, which will be ex-
tended in gection 5 to include the effects of quantum mechanical processes. The
following description of the four laws of black hole mechanics, correaponding to
the known laws of thermodynamica, is based on the treatments given by J. P.
Luminet[3] and P. Majumdarl4].

e« Zeroth Law:

Thermodynamics: All parts of a gystem in thermodynarnic equilibrium
have the same temperature.

Black Hole Mechanics: The surface gravity (g) of a black hole is the
same at all points along the event horizon. Surface gravity plays a
role analogous to temperature in black hole mechanics.

o First Law:

Thermodynamies: The change in the internal energy of a system is
given by
all =TdS + PdV, 3)
where the second term denoctes work done on the system.

Black Hole Mechanics: The following differential formula may be ob- ‘
tained for a Kerr-Newman black hole:

dM:%dA+ﬁ-R+<I>dQ, (4)
where O = 45 T /M A represents the angular velocity of a point on the
event horizon, and ® = 4rQr, /A is the electrostatic potential. Here, r,.
denotes the distance to the event horizon, and is given by

re =M+ /M2 Q2% - L2/M2 (5)

The second two ierms in equation 4 represent the work done on a black
hole. Making the identification § = aA, where o is some constant com-
pletes the analogy. The validity of this identification is supported by the
second law of black hole mechanics which we now state.

1'The constructs of general relativity are necessary for oy discussioe of black holes. Here,
and throughout the remainder of this paper, we use the word classical to denote the absence
of guantum mechanical processes.




e Second Law:
Thermodynamics: The entropy of a closed system can never decrease,
t.e., dS > 0.

Black Hole Mechanics: The area of the event horizon of a black hole
can never decrease, i.e., dA > 0.

The association of event horizon area with the concept of entropy is by far
the most important of any of the relationships presented in this section. It
is therefore worthwhile to look more closely at how this association comes

about.
The total mass-energy of a Kerr-Newman black hole is given by|3|
. I2 2 2
MZZME-F(WE-’-M”)’ (6)

where the irreducible mass (M) is defined as

é\/(M /M2 = LZ/MZ)3 + L2/ M, (7)
The first term in equation 6 corresponds to the rotational kinetic energy
of the black hole, while the second term represents the electrical potential
energy. Finally, there is a contribution to the total mass-energy due to
the firreducible’ mass term. While it is possible, in principle, to extract
the rotational and coulomb energiea of a black hole to do useful work, the
irreducible energy remains inaccessible to all classical physical processes.
In fact, the mass-energy of a Schwarzschild black hole is due solely to the
irreducible mass, i.e., the mass that appears in equation 2 may be replaced
by M;.. This yields the relationship,

I A
M‘l'r = ﬁ‘] (8)

which, it turns out, holds in general for all black holes. The irreducible
mass, and thus the area of the event horizon, cannct by definition be
decreased by any classical process.

My =

This result is just a restatement of Hawking’s area theorem presented in
section 2. However, this law only holds when considering classical black
holes, and will have to be modified slightly when we consider black holes
undergoing quantum processes.

e Third Law:

Thermodynamics: The temperature of a system can never be reduced
to absolute zero by any finite number of operations.




Black Hole Mechanics: The surface gravity of a system can never be
reduced to zero by any finite number of operations.

The implications of the third law of black hole mechanics can be better
understood by considering equation 5 for the distance to the event horizon
(r4+). If we require real sclutions, then the values that the mass, electric
charge, and angular momentum may take are constrained by the relation

Q% + L3 /M* < M2 (9)

If we now let @ = 0, which holds in general for any astronomical-sized
black hole,? the requirement becomes

L < M2

The extremal solution L = M? corresponds to the vanishing of the surface
gravity on the event horizon due to ‘centrifugal’ forces[3). The requirement
specified by equation 9 is gimply another form of the cosmic censorship
theorem presented in section 2.

4 Introduction to Quantum Information Theory

Before embarking on a systematic discussion of the black hole information para-
dox, we need a solid understanding of what we mean by information. Specifical-
ly, we need to identify how information is encoded in physical systems, and whai,
it means for information to be destroyed. The scientific study of information is
an active fleld of research, and is intimately connected with the thermodynamic
ideas presented in the last section. It is to this discipline that we now turh in
the hopes of gaining insight into these questions.

4.1 What is Information?

The purpose of this section is to address two fundamental questions: what
is information, and why should physicists be interested in it. The answer is
simpZe: information is physical. It is something (quantifiable) that is encoded
in the physical state of a system. It is therefore expected that information and
its processes conform to certain ‘laws’ analogous to, and ultimately determined
by, the physical laws governing the system in which the information is encoded.

Claude Shannon, working at the Bell Telephone Laboratory in the late
1940%s, laid the foundation of classical information theory while attempting to
optimize the rate of transmission of coded messages across certain communica-
sien channels|5]. As a result of his efforts, Shannon was able to demonstrate
the existence of a profound analogy between the thermodynamic entropy of a

ZDue to the relative strength of the electromagretic interaction as compared to the gravita-
tional interaction, an astronomical black hole {which realistically does not form in a vacuum,
but rather in a region occupied by charged particles), will neutralize itself quite rapidly{3}.
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system, and the information encoded in the system. Specifically, he showed
that the average information content of a message ensemble (X} containing n
different messages with associated probabilities of occurrence (p;) is given by]|5j:

n
H(X}= - pilogp; bits. (10)
i=1
We refer to H{X) as the Shannon entropy of the ensemble X in view of the
fact that it is identical in form to the well known eqitation for the Gibbs entropy
of a thermodynamic system. This result leads to the interpretation of the ther-
modynamic entropy of a system as a measure of missing or hidden information,
gince it represents the number of microstates that the system may inhabit after
all macroscopic data has been taken into account|6]. Accordingly, an increase
in entropy corresponds to a decrease in our state of knowledge about a system.
Mathematically, this relationship has the form

Al =-AH. (11)

Consider, for example, a situation in which we have an air-tight, bottle, filled
with smoke, and sitting in a corner of a room. If we remove the cap at time
t = 0, the smoke will begin to exit the bottle and dissipate into the surround-
ing air. Accordingly, the thermodynamic entropy of the system increases until
equilibrium is again established. This corresponds to & loss of information re-
garding the positions of the smoke particles. Before the cap was removed we
could make the definite staternent that all of the smoke particles were confined
to the volume of the bottle (say 1 litre). Now the most we can say is that the
smoke particles exist somewhere in the much larger volume of the room (ob-
viously a weaker statement). The increase in the phase space available to the
smoke particles is accompanied by an increase in entropy, and a corresponding
decrease in our state of knowledge about the system.

While these ideas have proven themselves to be extremely powerful in many
areas of research, we come o a dead end when discussing the black hole infor-
mation paradox solely in terms of clasgical information theory. As described
in section 3, the matter that comprises the irreducible mass of a black hole,
and thus the information encoded in it, is inaccessible to any classical process.
There is no paradox in the classical situation. The informaticn encoded in the
irreducible mass simply remains stored in the black hole. Although information
is not destroyed by a classical black hole, it does remain forever inaccessible,

Of course black holes, like every other physical system, are fundamental-
ly quantum mechanical in nature. A proper treatment of the information loss
problem can only be performed within the context of quantum mechanics, re-
quiring a quantum theory of information. The remainder of this section will
be devoted to introducing the basic ideas of this theory, including: quantum
superpositions, the concept of entanglement, the use of density matrices to rep-
resent incomplete knowledge, and the reversible, unitary evolution of a closed
quantum system. These ideas will then be applied to quantum black holes in
gection 5.




4.2 Quantum Superpositions

The fundamental unit of classical information is the bif, which may be repre-
sented by a physical avstem that can be in either of two states, encoding a zero
or a one respectively. Similarly, the fundamental unit of quantum informasion
is the qubit, which may again be encoded in a two-level system, e.g., a spin 1/2
particle, where a zero is represented by spin down along the z-axis {1}, and a one
by spin up along the z-axis |1). However, the states of a qubit are not limited
only to the basis states. Rather, they include a continuously infinite number
of superpositions of the two basis states. The most general state of a qubit is
given by

W} =coli} +erit), {12)

where ¢y and e; are complex in general.

Although an arbitrary gubit may exist in any of an infinite number of su-
perposition states, these states are extremely fragile since the result of any
measurement is limited to the eigenstates of the up-down bagis (when measur-
ing spin along z). Obtaining the result 1), for ingtance, reveals only that the
initial superposition state possessed some nonzero amplitude along |1). It yields
no other information about the magnitude of this amplitude. Hence, a great
deal of information encoded in the state of an arbitrary qubit is inaccessible in
the senge that it cannot all be extracted by any conceivable measurement.

4.3 The No-Cloning Theorem

One immediate congequence of the fragile nature of quantum states, and the re-
sulting inaccessibility of quantum information, is the no-cloning theorem which
states that it is impossible to copy the state of an unknown quantum system.
Following T. Spiller[7], the validity of this statement may be shown as follows.3

Consider a unitary operator U that successfully copies the basis states [])
and |1} onto some ancillary qubit initially prepared in the state |a), i.e.,

Ul |a) = 1} |4 end U [1) |a) = |1} |13 -

If we now apply U to a superposition state of the form of equation 12, we obtain

Ulghlo) = eo [L3 1) + e {1} ). (13)
However, the desired state in this situation is not given by equation 13, but by
[} 19} = G 14 14} + coes (1B 1) + 11 [4) + 61 D i) - (14}

It is apparent that there is no way to obtain equation 14 using the uni-
tary operator (U), since it is unable to generate cross-terms of the form |]} 1)

3TFor simplicity, we neglect the internal state of the physical system that is actually per-
forming the copying function in this proof. The argument way be gemeralized to include the
state of the copier with na change in the results.




and [1}]J). Thus, even if a unitary operation exists which will copy certain
states with perfect accuracy, the same operation will not work in general for
an arbitrary state, This is just another example of how the unaveidable distur-
bance of fragile quantum states during measurement renders a great deal of the
information encoded in a quantum system inaccessible.

4.4 Entanglement of Quantum States

The quantum superpositions discussed in section 4.2 require only one qubit
to manifest themselves, When we consider systems of more than one qubit,
a new phenomenon, known as enfanglement, becomes possible. Entanglement
cceurs when two initially separate quantum systems interact, and effectively
lose their individual identities. This is evidenced by the fact that knowledge of
the states of the component subsystems is insufficient to determine the state of
the resulting composite system. Accordingly, we find that at least some of the
information that used to reside in either of the two subsystems is now stored in
correlations between the subsystems.

Following 8. Popescu and D. Rohrlich[8], we consider a bipartite system
consisting of two spin 1/2 particles 4 and B. If we take as our basis:

fw=(1)m=(5)}

then the basis of the combined system (AB) may be written as

{albg, aM g1 aldp: 04Tk,

where we have used the notation, L), g =94 @4y -
If we now let A and B interact, then the most general state of cur bipartite
system is given by

1Y) ap = Zcu Walidp, (18)

1
where i, j € {},1}, and the ¢;;’s encode the joint probability amplitudes for
simultaneously finding particle A in state |¢) and particle B in state [j). A
special cage of equation 15 occurs when the probability amplitudes for 4 and
B are independent of each other, {.e., ¢;; = cEA)cfiB ) for all § and j. States of
this form are xnown as product states since they may be written in the factored

form:

A) ) (s
hb)AB:ZCE )cg- )iz}AL})H. (16)
t,F
A state that cannot be written in the form of equation 16 is called entangled,
e.g.s

wugr;%uwnnﬂ+mgmﬂ) a7)

8




is a maximally entangled state. The effect of the interaction resulting in equation
17 is to entangle the particles A and B so that they do not possess well-defined
states independent of each other. We can no longer treat A and B as two
independent objects. Rather, we must think only in terms of the joint system
AB.

Entangled systems are characterized by correlations that exist between their
component subsystems. The state described by equation 17 for example, rep-
resents a perfect correlation between the subsystems A and B, i.e., if A is
measured to be in the state |1} (|1)), then we know with certainty that B will
also be found in the state |1} (|1}).

The entanglement of physical systems is a physical process. Thus, we might
expect information theoretic consequences, and this is indeed the case. Tafor-
mation that used to be associated with the individual particles is now encoded
in the correlations between A and B. This is verified by the fact that local op-
erations on A (or B) alone are unable to extract very much of the information
that is encoded in the joint system.

If we consider separately, any subsystem of an entangled system, we find
that the subsystem is described by a mixed state, even though it is part of a
larger pure state. It is the mathemasical representation of these mixed states to
which we now turn. As we will see, the density matrix formalism is capable of
characterising the result of any conceivable local measurement on a subsystem
of a larger entangled system.

4.5 Mixed States and Density Matrices

All of the systems tha: we have considered so far have been described by pure
states. Indeed, it may be that nature always allows us to find a pure state
description of a composite system if we look hard enough, i.e., if we identify
all relevant parts of the system, and all interaction terms of the appropriate
Hamiltonian. Nevertheless, in situations where we have incomplete information
about a composite system, we still require a mathematical formalism that will
capture our state of knowledge regarding the part of the system to which we
have access. The dengity matrix formalism used to describe mized states is weil
suited for this task.

The concept of a density matrix is usually introduced as a mathematical
construct that represents an ensemble of possible pure states with associated
probabilities of occurrence (p;). In this picture, the density matriz, defined as

p=_ pile) (il (18)

may be interpreted as the average projection operator of all constituent states
[#6;:3. However, the concept of a density matrix is also extremely useful in repre-
senting subsystems of a larger, pure entangled system. As we saw in the previous
section, information may be stored not only in the physical components of a sys-
tem, but alsc in the correlations between two or more components. When one




of these component subsystems is considered apart from the rest of the sys-
tem, we have incomplete knowledge of the overall pure state. The local object
is described hy a mixed state which is well-represented by the density matrix
formalism.

The reduced denstty matriz (p4) for a subsystem A of a larger encangled pure
state system [AB), i3 obtained by ’tracing out’ the remainder of the system,
i.e.,

pa=tra|)apan (. (19}

Accordingly, pa Tully characterizes the result of any conceivable local measure-
ment performed solely on A. However, it does pot represent the fact that a
measurement. of the state of sudsystem A affects, in a nonlocal way, the result
of a subsequent local measurement, performed on B, and vice-versa.

Consider, for example, a system of two spin 1/2 particles described by the
pure entangled state given by equation 17,

) 4 = % W albg + 114100

where we are allowed to make local measurements on particle A, but particle
B ig locked in a vault, precluding us from making any measurements en it.
(‘This thought experiment has obvious implications for the problem of black
hole information loss, and will be discussed further in section §).

Calculating the reduced density matrix of A from equation 19, we obtain

1
5 0
0 3

The effect of our ignorance regarding half of a maxireally entangled state is
that the half that we do have access to is described by a maximally mixed
state, even though it i8 a compunent of a larger pure state. Thus, pa yields
the probabilities to find A in various states, but it says nothing about the fact
that measuring particle A to be in the state [} {{1)) ensures that particle B
will also be found in the state {{) (|1}}. The reduced density matrix contains
no information about the correlations that exist between A and B. Tt is in this
senge that entanglement enables a system to encode more information than just
that stored locally in the component subsystems.

The nonlocal character of the correlations deseribed above might appear to
provide a method of superluminal, even instantanecus, communication through
the use of a space-like separated, entangled system. However, this is not a pos-
sibility. Quantum mechanics remains compatible with the predictions of special
relativity since no information can be transmitted using only local operations
on a subsystem of a larger entangled system. Although we will not formally
prove this, the essential argument as outlined by Popescu and Rohrlich{8], goes
as follows.

Congider once again the entangled bipartite system 4B described by equa-
tion 17, this time with a space-like separation between particle 4 and particle

10




B. Suppose our friends, Alice and Bob, have acress to particles A and B respec-
tivaly. Then the outcome of any local measurement that Alice(Bob) can perform
on A{B) will depend only on the reduced density matrix p4 (pg), which con-
tains no information about the system-wide correlations. The reduced density
matrix of system B is therefore independent of (and unaffected by) any local
measurement performed on A and vice-versa. Since Alice can only measure
particle A and Bob can only measure particle B, superluminal communication
is not possible.

4.6 The von Neumann Entropy of a Quantum System

In 1935, even before the work of Shannon, John von Neumann defined the
concept of the entropy (5) of a mixture of quantum states. Following R. Jozsal9},
we recreate the derivation from an information theoretic point of view.

Assume in analogy with the classical case, which yields the Shannon entzopy
of a system, that we have an ensemble of n different quantum states |¢;), each
of which has an associated probability of cccurrence (p;}. By equation 18, this
engemble is completely repregented by

p=_ pilthi) (. (20)
=1
Now, if A:,..., A; are the eigenvalues of p, and |A;),...,|As) are the corre-
sponding eigenvectors, then given that {A1, ..., As} forms a classical probability
distribution, we may write equation 20 as|9]

p= 3 i) (il (21)
i=1
Assuming that we have chosen the |A;)' s in equation 21 to be mutually
orthogonal, which we may always do, this situation is analogous to the classical
case in that the states are all perfectly distinguishable, Thus, we are justified
in calculating the Shannon entropy of this ensemble using equation 10 (where
we use S{p) in place of H(X) to dencte the von Neumann entropy):

S(p) ==Y Xiloga A 122)
i=1

Finally, since X; loga A; are the eigenvalues of plogs p, and we are summing these
eigenvalues, equation 22 may be recast in the form[9]

S(p) = —tr(ploga p). (23}

Equation 23 gives the von Neumann entropy for any mixture of quantum
states described by the density matrix p. In analogy with the information
theoretic interpretation of the Shannon entropy, S(p) can also be taken to be a

11




measure of missing information, this time in quantum systerms.” This association
is borne out, for example, in the observation that the von Neumann entropy for
a pure stase vanishes while mixed states have finite entropies. Finally, we note
that the von Neumann entropy obeys

0 < 5(p) < logam, (24)

with the maximum value of 8(p) occurring for a uniform distribution of quantum
states where all of the p;'s are equal to 1/n.

4,7 Unitary Evolution

Quanturn mechanics predicts that all closed systems undergoe unitary evolution
described by the Schroedinger eguation

Hly) = iha(l;f), (25)

where H is the Haomsltonian of the system. Integration of equation 25 yields an
equation for the time evolved state [p(E)):

W) = U (@), (26)

where U = e;‘_‘fo H is the -pitary time evolution operator|7]. According
to equation 26, quantum mechanics predicts the evolution of a closed system,
represented by a pure initial state, to a pure final state. It is vital that all of
the interactions that our physical system undergoes be represented in H if the
above congiderations are to hold. If these conditions are met, it follows that
%‘g = 0 as we let the system evolve in time, since S(p) for any pure state density
matrix is #ero. This is equivalent to the statement that the information we have
about the system in question is conserved, in particular, it does not decrease
with time.

"This concludes our foray into quantum information theory. We now return
to a, discussion of black holes, which we view from this point on as quantum
mechanical objects. This approach results in the prediction at the heart of the
information paradox, Stephen Hawking’s theory of black hole evaporation.

5 Quantum Black Holes

Stephen Hawking showed in the early 1970’s that black holes emit thermal
radiation in & quantum evaporation process|4]. The details of this process are
unimportant for our purposes. Suffice it to say shat it is somewhat analogous
to pair-production of elementary particles in a polarized vacuum, where one of

4This interpretation is not on quite the same footing as in the classical case since, according
to Holeve’s theorem, S(g) ouly gives an upper bound on the information content of a system|8].
However, this distinction is unimportant for our purposes.
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the created particles escapes to infinity, while the other is captured by the black
holel3).

This radiation is predicted to occur at a temperature proportional to the sur-
face gravity of the black hole, further strengthening the thermodynamic analogy.
Specifically, the temperature (7) of the Hawking radiation is given by[3)

_h

T o
However, the process of Hawking evaporation vicilates the second law of black
hole mechanics presented in section 3, which states that the event horizon area is
a nondecreasing quan-ity. This observation leads us to define the total entropy

of the universe to be
Sum’veree = Sbh + Sezt-

Here, Sy, is the entropy associated with the area of the event horizon, and Sers
is the entropy of the space-time exterior to the black hole. The generalized
version of the second law

dSuniuerse 2 U

appears to remain valid[3}].

The effects of Hawking evaporation lead to paradoxical conclusions regarding
the information encoded in the matter that goes into the creation of a black hole.
Imagine for instance, that a black hole is created by the gravitational collapse
of a massive body described by a pure quartum state. If Hawking’s calculations
{which predict that the outgoing radiation is thermal) are correct, and if the
black hole evaporates completely, then the information originally encoded in
the matter has been destroyed by the black hole evaporation process[1, 11].
This iy because thermal radiation is described by a mixed state, which has a
nonvanishing entropy. The entropy-information relationship,

A = —-AS,

implies that information is irretrievably lost. Considerations such as these lie
at the heart of the black hole information paradox.

There are many difficulties with any of the myriad proposed solutions to
the information loss problem, and we do not attempt to discuss them all. In
particular, we neglect ideas such as the nucleation of baby universes to which
the missing information escapes, and the existence of certain types of “quantum
hair’ in which information can be encoded in subtle ways. More information on
these and other proposals can be found in [1, 11].

The remainder of this paper will be devoted to an analysis, using the tools of
quantum information theory developed in section 4, of two main classes of oro-
posed solutions: the existence of correlazions in the emitted Hawking radiation,
and the existence of black hole remnants. Of course, it may be that information
is in fact destroyed by black holes, foreing us to give up the notion of unitary
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evolution. This would be the most radical possible outcome, necessitating a
fundamental reformulasion of quantum mechanics. However, it is difficult to
envision what form such a replacement theory might take withont the guiding
light of experimental data. Therefore, we do not pursue this idea any further,

5.1 Hawking Radiation

The most obvious place to begin our search for the information initially encoded
in the matter comprising a black hole 15 the emitted Hawking radiation. Perhaps
Hawking’s calculations are an invalid approximation, and the outgoing radiation
is actually in & pure (or nearly pure) state. This would imply that the radiation
is uncorrelated (or very weakly correlated) with the internal state of the black
hole.

Now congider a pure state system falling into a black hole. If we assume that
the information encoded in the in-falling matter remains intact as it crosses the
event horizon, which is locally flat for a large encugh black hole, then some
mechanism must exist to transfer this information to the Hawking radiation. If
it were possible to copy the incoming information at the event horizon, it could
he made available to the outgoing radiation, and the paradox averted. However,
the no-cloning theorem excludes such a possibility.

The reason that the unitary operation, defined by equation 13, is unable
to copy an unknown quantum state, Is that it is actually too good at making
copies. The resulting correlations are always perfect. Perhaps this is the mech-
anigm by which to resolve the paradox. After all, if the correlations are always
perfect between the radiation and the black hole, shen knowledge of the emitted
radiation yields the internal state of the black hole. There is then no need to
trace out the black hole subsystem. Unfortunately, this mechanism does not
work either, as demonstrated by Danielsson and Schiffer|1].

Recalling equation 13,

Ulp} e = ea[$ ) + e [T3T)

written in the basis

[ = (o0 = 55 0 - en},

we have

col) 1+er 1) = B2 (1) 1) + e e+ B2 (b + 1) =)

(27)
It is apparent from equation 27 that the correlations are, in general, not perfect
in all bases. Only when {(cg = —c1) ¢o = ¢ is the (anti-)correlation perfect|1].
We must, in the general case, still trace over the unknown (and inaccessible)
state of the black hole. Therefore, assuming that information survives its transit
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acrosa the event horizan, a violation of causality seems to be necessary in order
to return the information stored in the in-falling matter to the external universe.

Perhaps then, the information encoded in the in-falling matter does not
gurvive the event horizon crossing as one would naively expect. Let {|¢}} denote
a bagis for the initial quantum state of the in-falling matter, and consider the
situation in which the internal state of the black hole is completely uncorrelated
with the outgoing radiation. Paraphrasing an argument due to Preskill[11], we
require that each basis state |{) evolve according to

|5) — |i}bh !j}ezt »

where {|i},,} and {{;).;,} are the basis states of the black hole and the Hawking
radiation, respectively. Next, considering a superposition of the basis states |i)
which evolves according to

Soalty — S cijliden 1}en » {28)
i i3

we find that correlations will, in general, exist between the internal state of
the black hole and the putgoing radiation. It is only when the above may be
written as a product state (see equation 16) that the two subsystems remain
uncorrelated. This implies (in the case where we consider the Hawking radiation
to be in a pure state}, that the state |¢},, must be the same in each term, i.e., the
black hole must exiss in a unique state. Mare generally, for Hawking radiation
that is nearly pure, the internal state of the black hole must be nearly unique|11].

This result is in agreement with the idea that “black holes have no hair”,
and are therefore incapable of storing the information associated with the in-
falling matter. One possibility is that some sort of ‘bleaching’ process oceurs
upon crogsing the event horizon, which removes all information about the state
of the in-falling matter, and makes it available to the outgoing radiation. The
challenge facing proponents of this type of process as a possible resolution to the
information loss problem is to conceive of a reagonable mechanism to accomplish
this task.

It is also quite possible that Hawking’s semi-classical calculations are very
nearly correct after all, and strong correlations exist between the internal state of
the black hole and the outgoing radiation. This situation is somewhat analogous
to that of the entangled system considered in section 4.5, where one particle is
locked in a safe, preventing us from making any measurements on it, Since the
internal state of the black hole is inaccessible to measurement, the remainder
of the system (the Hawking radiation), is described by a mixed state. The
joint system, black hole plus external universe, may still be described by an
entangled pure state. However, if the black hole evaporates completely, then
the radiation has become the entire system, and a pure state has evolved into a
mixed state{11]. This is the source of the paradox.

Assuming Hawking's calculations to be valid, it seems our only recourse is to
consider what happens at the Planck sca’e, when it is certain that semi-classical
approximations no longer hold. Two possible outcomes are the cessation of
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black hole evaporation, and the slow leakage of information back to the universe,
corresponding to stable and mesa-stable black hole remnants respectively.

5.2 Black Hole Remnants

In this section we consider the possibility that some as yet unknown law of
Planck scale physics halts the black hole evaporation process, resulting in the
formation of miniature black hole remnants. The idea is that, as long as the
black hole does not evaporate completely, unitarity may be saved. The infor-
mation might remain forever stored in (but not be destroyed by) these rem-
naats. Alternatively, physics at the Planck scale might allow remnants to emit
their own form of radiation, returning the information to the universe. There
are many quantum field theoretic arguments against these stable and meta-
gtable remnants on the grounds that they would experience infinite production
rates[11, 12]. The problem is that, since the initial mass of (and, thus, the initial
amount of encoded information in} a black hole is arbitrary, an infinite number
of different remnant species are possible. Even if the actual production rate of
each individual species is very small, the infinite number of different species still
results in an overall infinite production rate. Leaving thess objections aside, we
consider what constraints quantum information theory applies to remnants if
they do exist.

The following derivation, due originally to Danielsson and Schiffer|1|, demon-
strates that, if the Hawking radiation is very nearly thermal, then the black hole
must possess a very large number of internal states. We begin by defining the
information content (f) of a system as:

I = Ines = 5(p),

where Inze = S(p)maz. This definition obviously has the right character at the
extreme values, since S(p} = S{Plmuz = I =0, and F(pg) = 0 = I = L.
Using equation 24, which implies that Ine, = loge N, and the definition of von
Neumann entropy (eguation 23}, yields

I =logs N + tr(plogap). (29}

Now, suppose that the bipartite system consisting of a black hole and the ex-
ternal universe is initially described by a pure state, ie.,

Noh, Nozt

fby = Z Cij |thon ideat s

i=1

where Ny, and Vg are the dimensions of the black hole and external universe
Hilbert spaces respectively. Qbviously, we expect Neze 2 Nyp.

Applying equation 29, the information contents of the black hole and the
external universe are given by

Iy, = loga Ny + tr{psnlogepea),
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and
Iezt = 1092Nezt + t‘-"(ﬂe:tlogﬂpezt):

where the corresponding reduced density matrices are found from equation 18
to be

Men Neze
P = Z Cirn Chpn f"}bhm {kl,

myik
and,
Nog Nexe

Pezt = Z cﬂ"-jc;'ﬂ |j>eztezt {” .
m.gid

The total information content of the entire system may then be defined as,

Itoﬁ = Ibh + I@zt + Ibh,ezl‘., (30)

where Iy oo+ represents the information encoded in the system correlations.

The above results, by themselves, do not provide very much in the way
of constraints on the information content of a black hole remnant. However,
Danielsson and Schiffer[1] have shown that a lower limit given by

Iezt,min = Iog2Nezt - IOQQNNi- (31)

can be placed cn the information content of the Hawking radiation. This lower
limit corresponds to the case where the emitted radiation is most nearly thermal,
and contains very little information.

Assuming Hawking’s prediction to be correct, i.e., I = 0, at least until
the black hole has evaporated to the Planck scale, equation 31 implies that
Ny, must be of the same order ag N.p;. The number of internal states of a
black hole remnant must, therefore, be extremely large. Note that equation 30
does not necessarily require that all of the information actually be stored in
the internal states of the remnant. Much of it may reside in correlations with
the emitted radiation. However, even if the bulk of the information is stored
in the correlations, the remnant must still have the eapacity to encode half
of this information{l}. We may therefore, in analogy with classical statistical
mechanics, regard Sy, as the logarithm of the number of black hole microstates.
However, in light of the conjecture that “black holes have no hair”, the nature
of thess microstates is unclear.

Finally, we consider the existence of meta~stable remnants. At the Planck
scale, where Hawking's calculations are surely invalid, it may become possible
for information to be returned to the universe by allowing the black hole rem-
nant to emit its own form of radiation. This would entail subtle correlations
between quanta emitted earlier and ihat being emitted now. This is in some
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ways analogous to burning a book and reconstructing it from a history of the
emitted radiation[11].

One might think that allowing these meta-stable remnants to eventually
evapurate in this way would solve the problem of infinite production rates.
Unfortunately it does not. The problem is that an arbitrary black hole remnant
can, in princinle, contain an enormous amount of information. However, at the
Planck scale, there is little remaining energy (E ~ my, where my, is the Planck
mass) with which to convey this information back to the external universe.
Accordingly, a large number of low energy particles muss be used, This turns
out to be a very slow process. Simple estimates[11, 12] of the lifetime (7} of a

black hole remnant yield
MY
T~ (Fﬂ) tp{, (32}

where M is the initial mass of the black hole, and ¢, is the Planck time. Equa-
tion 32 predicts that a remnant of a black hole formed from the mass of a small
mountain would decay in a time larger than the current age of the universef12|.
Accordingly, these remnants are effectively stable ag far as the production rate
arguments go. Any resolution of the information paradox in terms of black hole
remnants has to deal successfully with the problem of infinite remnant species.

6 Summary and Future Directions

No satisfactory resolution to the black hole information paradox has yet been
found. In fact, any solution might well require us to give up long cherished ideas,
or force a fundamental reformulation of physical laws. The quantum information
theoretical concepts we have introduced here, while not providing any obvious
answers, do help to demonstrate the paradoxical nature of the problem, and to
highlight the difficulties that any of the proposed resolutions have to overcome.

The no-cloning theorem, for example, precludes a conservative solution to
the problem in which the information is somehow copied at the event horizon,
and then made available to the outgoing radiation. Assuming that information
encoded in a physical system remains intact upon crossing the event horizon of
a black hole, a non-local transfer of information, acting on a macroscopic scale,
geems to be required to return the information to the external universe via the
emitted Hawking radiation. Alternatively, if we give up this assumption, we are
left with the possibility that some kind of ‘bleaching’ process strips away the
inforrmation from a physical system at the event horizon, making it available to
the outgoing radiation.

H Hawking’s calculations are correct, and there is very little information
contained in the radiation, it seems that we must rely on the existence of fun-
damentally new physical laws, which manifest themselves at the Planck scale,
if we are to save unitarity. Even if this oceurs, it seems that completely halting
the evaporation process, or letting the information eventually leak back slowly,




leads to theories of black hole remnants plagued by an infinite number of possi-
ble remnant species. Finally, we must consider the possibility that black holes
really do destroy information, forcing the abandonment of unitary evolution in
gquantim mechanics.

The remarkable analogy between the laws of thermodynamics and these of
blacik hole mechanics seems to offer the hest clue to an eventual resolution of the
information paradox. Thinking along these lines, one might ask if it is possible to
understand the entropy of a black hole (Sps ), in terms of underlying microstates,
in analogy with thermodynamics and statistical mechanics. In other words,
do mass, electric charge, and angular momentum define the macrostate of a
black hole in the same way that pressure, volume, and temperature define the
macrostate of a thermodynamic system? If this interpretation is viable, then the
black hole entropy provides a measure of our lack of knowledge of the underlying
microstates that correspond to a given macrostate. However, if black holes
really have no hair, i.e., no degrees of freedom by which to distinguish various
microstates, then the character of these microstates is unclear. In any event, it
ig difficult to anticipate the level of insight that would be gained if the two sets
of laws, whose derivations could hardly be more different, could be shown to be
different manifestations of the same underlying principle.

It is reasonable to expect that any resclutien of the black hole information
paradox will result in the unification described above. Further, there seems to
be no guestion that the information loss problem offers a tremendous oppor-
tunity for fundamental discovery. In the words of John Preskill[11], “it seems
increasingly likely to me that it is as hopeless to reconcile relativistic quantum
mechanics with black hole evaporation as it would have been to understand the
spectrum of black body radiation using classical physics. The information loss
paradox may be a genuine failing of 20th century physics, and a signal that we
must recast the foundations of our discipline.”
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